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Abstract 

ttfj We study the category of Z^-graded modules with finite-dimensional graded pieces for certain -graded Lie 
algebras. We also consider certain Serre subcategories with finitely many isomorphism classes of simple ob- 
jects. We construct projective resolutions for the simple modules in these categories and compute the Ext 
groups between simple modules. We show that the projective covers of the simple modules in these Serre sub- 
categories can be regarded as multigraded generalizations of Kirillov-Reshetikhin modules and give a recursive 
formula for computing their graded characters. 



Introduction 

The study of the structure of the simple finite-dimensional representations of quantum affine algebras has 
attracted a lot of attention over the past two decades. Of particular interest is the subclass of minimal affiniza- 
tions introduced in ^ which includes the class of Kirillov-Reshetikhin modules. The Kirillov-Reshetikhin 
modules have been studied extensively due to their app lication to mathematical physics and their rich combi- 
natorial structure (cf. lf]~3l. [TtI. [TsL IT9L [2oL 27, 28, 29, H, 34] and references therein). One way of studying their 



structure is by looking at the classical limits which can then be regarded as graded modules for the current alge- 
bra g[t] = g®C[?], where g is the underlying finite-dimensional semisimple Lie algebra. The limit process does 
not change the character of the representation and, hence, it can be studied by investigating the limit module. 
This fact is one of the key motivations for the increasing interest in the study of categories of graded modules 
for current algebras rfH S HH [3 . 



If g is of classical type, then the classical limits of minimal affinizations factor to representations for the 
finite-dimensional algebra Q[t]/(t 2 C[t]) which is isomorphic to the semidirect product of g with its adjoint 
representation. This motivates the study of graded modules for algebras of the form = g x V where V is a 
finite-dimensional g-module. The Z-grading on a is set to be a[0] = g and a[l] = V. Consider the category 
of graded a-modules with finite-dimensional graded pieces. It was shown in |8J] that the isomorphism classes of 
simple modules of this category are in bijection with the set A = P + xZ where P + is the set of dominant weights 
of g. Moreover, it was also shown that every simple module has a projective cover and a projective resolution 
in this category. This was then used to compute the Ext groups between simple modules. The connection 
with minimal affinizations and Kirillov-Reshetikhin modules is made by considering Serre subcategories of 
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this category generated by certain finite sets of simple modules. More precisely, one chooses a finite subset T 
of A which is convex with respect to a certain natural partial order on A. Let W[V\ be the corresponding Serre 
subcategory. Given (A, r) e T, let P(A, r) be the projective cover of the associated simple module. It was shown 
in |H] that P(A, r) projects onto a module P(A, r) T which is projective in W[V\ (in fact, the whole projective 
resolution of the underlying simple module induces a projective resolution in &[T]). It turns out that one can 
describe the modules P(A, r) r in terms of generators and relations which, in several cases, coincides with the 



relations satisfied by the highest-weight vectors of classical limits of minimal affinizations (cf. Ill 11 .1 1211251 . 12611 ). 
Moreover, the results on the Ext groups give rise to a recursive character formula for the modules P (A, r) T . 
Therefore, a character formula for minimal affinizations is also obtained in the cases that their classical limits 
are isomorphic to modules of the form P(A, r) r . 

In the last years, the interest on the representation theory of ''generalized current algebras", in particular 
the multivariable current algebras, has increased significantly 01 IH 22, 24, 31, 32]. The study of characters 



in the multigraded context is well-known to be significantly more complicated than in the single variable case 



(see Ill5ll for the case of Weyl modules) and technical issues that, in the single variable setting arise when 
working with exceptional algebras, in the multivariable case arise for algebras of classical type. In the present 
paper we are concerned with the study of Kirillov-Reshetikhin modules in the multivariable setting. The main 
achievement is the extension to this setting of all the results described in the previous paragraph for algebras of 
the form a := (g ® C[?i, . . . , tg])/a2 where a2 is the ideal generated by all elements of degree 2. 

Following |@], we start the study by considering a more general context. Namely, we consider the category 
W of Z f -graded modules with finite-dimensional graded pieces for a Z^-graded Lie algebra a such that a[0] = g 
and a[r] is finite-dimensional for all reSj. We show that the isomorphism classes of simple modules of this 
category are indexed by A := P + x 7L C and construct a projective resolution Pj(A,r),j > 0, for the simple 
module V(A,r) associated to (A,r) e A. We end the first section by considering the Serre subcategories Sf[T] 
for subsets T of A. We prove that, if T is finite and convex with respect to a certain partial order on A and 
(A, r) € T, then the modules P j(A, r) projects onto finite-dimensional modules P j(A, r) r giving rise to a (finite) 
projective resolution of V(A, r) in &[T]. 

We start Section 2 assuming that o[r] = for all r — (r\ , . . . , rc) such that r\ + h rt > 1 and compute all 

the Ext groups between simple modules in this case. Moreover, we also show that if T is finite and convex and 
(A, r), Qx, s) £ T, then 

Ext j gm (V(A, r), V(p, s)) = Ext ] g (V(A, r), VQi, s)) for all j > 0. 

Next, we obtain a multigraded version of the recursive character formula for the modules P(A, r) r := Po(A, r) r 
assuming that T is convex with respect to a refinement of the partial order on A similar to the refinement 
considered in (9D for the case i = 1. We then obtain generators and relations for the modules P(A,r) r (this 
generalizes the original result of 0, Theorem 1] even in the case i = 1). In the last subsection we work with 
the algebras a := q ® C[t\, . . . , t(\ and b := a/02 with g of classical type. For each (A, r) 6 A, we consider the 
a-module N(A, r) defined by a generator satisfying the naive multigraded generalization of the relations satisfied 



by the highest- weight vector of the classical limits of minimal affinizations computed in B25I1 . In particular, if 



A is a multiple of a fundamental weight, the relations simplify to the naive multigraded generalization of those 



considered in 111 lL 11211 for Kirillov-Reshetikhin modules. We show that N(A, r) factors to a b-module and, as 
such, it is isomorphic to a module of the form P(A, r) r for an appropriate choice of T. This allows us to use 
our recursive character formula for computing the graded character of N(A, r). We end the paper by giving an 
example of such computation. In particular, the example shows that the set of simple factors on a Jordan-Holder 
series of these modules depend on I, differently to what happens with the corresponding local Weyl modules 
studied in |Q] (see Remark l2.16l) . 
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1. Multigraded Modules and Projective Resolutions 

In this section we define the categories which are our objects of study, classify their simple objects, and 
construct a projective resolution for each of the simple objects. 

1.1. The algebras 

Let C be the field of complex numbers and Z, Z + the subsets of integers and nonnegative integers, respec- 
tively. Given I > 0, let e\, . . . ,e{ be the canonical basis of ll and deg : ll —> Z be the group homomorphism 
defined by deg(e j) = 1 for all j - 1, .. Let also V be the category of Z f -graded C-vector spaces. Thus, 
the morphisms in "V 1 are linear maps / : V — > W such that f(V[r]) c W[r] for every r e Z f . We will also use 
the functor 3> : <V C — » *V 1 given by 

@(V) = V[r] where V[r] = V[r]. 

reZ rel> 

deg(r)=r 

Fix a Z+ -graded Lie algebra o = a[r] such that q := o[0] is a finite-dimensional semisimple Lie 
algebra over C and o[r] is a finite-dimensional g-module for all r 6 Z+. Set 

a + = o[r] 

deg(r)*0 

which is an ideal of a. In particular, S){a) is a Z + -graded Lie algebra with o[0] = g and &(a + ) is an ideal of 
f^(a). Moreover, a[r] is a finite-dimensional g-module for all r e Z+. 

Fix a Cartan subalgebra h of g and denote by R the associated root system. Fix also a choice of positive 
roots R + c R and let g = n~ © f) © n + be the corresponding triangular decomposition. The associated simple 
roots and fundamental weights will be denoted by at and oj,-, i € I, where / an indexing set for the nodes of 
the Dynkin diagram of g. Denote by P and Q the weight and root lattices and let P + and Q + be the Z + -span 
of the fundamental weights and simple roots, respectively. For notational convenience, fix a Chevalley basis 
{x%, hi : a € R + , i e 7} for g. 

1.2. On finite-dimensional modules 

For any Lie algebra [, let be the category of finite-dimensional [-modules. Given A € P + , let V(A) be a 
simple object of T{q) of highest-weight A. Then, V(A) is isomorphic to the g-module generated by a vector vx 
satisfying the defining relations 

n + v A - 0, hv A = A(h)v A , {x~) A(h,)+l v A = for all h e h, i e I. 
Denote by V M the weight space of V of weight /j e P and, for V e T{q), let 

ch V - J] dim e 11 

denote the formal character of V. 

We will need the following elementary lemma. 
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Lemma 1.1. Let V be a finite-dimensional g-module and suppose / e Z>i , e P, e V Vk , for k - 1 , . . . , /, are 

/ m 

such that V = J] (/(n )v£. Fix a decomposition V = V) where m € Z>i, V) = V(/i,) for some e P + , and 

* = 1 7 = 1 

let 7tj : V —* Vj be the associated projection for j - I, . . . ,m. Then, there exist distinct k\,...,k m e { 1, . . . , /} 

such that Vfe ; . = fij and 7Ty(vjt y ) £ 0. □ 
7.5. 77?e maifi category 

Let £r = £r(a) be the category of Z^-graded a-modules with finite-dimensional graded pieces. In particular, 
ifVeQ, then the graded piece V[r] is a finite-dimensional g-module for every r e ll . The morphisms in Q 
are o-module maps which are moiphisms in *V f . Let D = Q{&{a)) be the category of Z-graded ^(a)-modules 
with finite-dimensional graded pieces. 

Given r € Z , denote by t r the monomial fj 1 • • • e Z[[f* ! , . . . , f* 1 ]] and, for F e ^, define its graded 
character by 

gch V = V ch V[r] f . 

reZ e 

Consider the grade-shifting functor r r : Q — > ^, i.e., T r V[s] = V[s + r] for all s € Z { and r r is the identity 
on morphisms. Clearly, gchivV = gch V f . Similarly, for reZ, one considers the functor r r : Q —> Q. We 
also have a functor ev : T{q) — > £jr obtained by extending the action of g on a module V to one of o on V 
by setting a+V = 0. We denote by ev r the composition i>ev : !F(g) — > Q. Similarly, we construct functors 
ev r : T(q) -» £ for all r e Z. Set 

V(A, r) = ev r V{A) and V(/l, r) - ev r V{A) for all lef + ,reZ f ,re Z. 

We obviously have an isomorphism of £F(a)-modules 

@(V(A, r)) = V(A, deg(r)) for all r e Z f . 

Set A = P + x Z f and £F(A) = A x Z. Standard arguments prove the following theorem (cf. @, Proposition 
2.3]). 

Theorem 1.2. If V is a simple object of then V is isomorphic to V(A, r) for a unique (A, r) e A. In particular, 
if V is a simple object of D, then V is isomorphic to V(/t, r) for a unique (/i, r) € □ 

Given V € set 

[V : V(A, r)] = dim Hom g (V[r] : V(A)) for all le/ )+ ,reZ f 

and notice that 

gchV= V [V: V(/l,r)] chVW f r . (1.1) 

(/U)eA 

7.4. Bounded objects and tensor products 

Given r e Z f , define the full subcategories Q r and ^ r of Q by the requirement 

V e V[s] #0 ^> r-seZ^ and V e§ r , V[s] * => s-reZ^. 

Then, define the subcategory Q b by the requirement 

VeQ b <=> Ve£ r for some r e Z f . 
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Thus, the objects of Q b are those with grade bounded from above. Similarly one defines the category Qb of 
objects with grade bounded from below. Notice that if V e Qb, the module @(V) has grade bounded from 
below, but not necessarily finite-dimensional graded pieces. 

The enveloping algebra U (a) is naturally an a-module under x • a = [x,a] where [x, a] = xa - ax is the 
commutator of U(a) and has a natural Z^-gradation. The following propositions are easily established (the 
proofs can be found in ||2|]). 

Proposition 1.3. For all r e Z+ we have an isomorphism of g-modules U(a + )[r] = S^Xa) where 

f ^ 

S ir) (a) := (g) Sym« s >a[s] 
k {seZ{\{0} 

and the sum is over all functions k : Z e + \ {0} — > Z + such that £ k(s)s = r. In particular, U(a+) e Qb- □ 

sbZ{\{0} 

In the next proposition we equip K ] a+ with the natural Z+ -gradation coming from that of a. 
Proposition 1.4. For all r e Z+ and j e Z + we have an isomorphism of g-modules 



(aV)W = 

k 



® a* (s) a[s] 

,seZ e + \ (0) 



where the sum is over all functions k : lf + \ {0} —> Z + such that £ k(s)s - r and 2 = 7. In 

particular, A ; o + e □ 

Notice that the categories Qb and Q b become tensor categories by setting 

(V®W)[r]= V[s] ® V[s']. 



We have the following corollary of Proposition 1 1.31 
Corollary 1.5. For all V e Qb, U(a) ®t/( ) V is an object of Qb- □ 

1.5. Projective modules 

Our first result is the construction of projective resolutions for the simple objects of Q. Given V e Qb, 
define 

&>(V) := U(a) ® u(s) V. 

By Corollary 11.51 ^(V) € Qb- Thus, the assignment V i-> ^(V) can be naturally extended to an endo-functor 
^of&>. 

Given 7 e Z + , define 

^>/V) := ^((aV) ® V) 

which is again an object of Qb, since A 7 a + e ^ by Proposition ll.4i Notice that if V - V[r] for some r € if, 
then 

&>j(y)[s] = for all s e l! such that deg(s) < j + deg(r). 
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Set Pj(A, r) = &>j(V(A, #■)), P/i, r) - £*/(VU, r)), and notice that 

0(P/O*, r)) = P 7 (i, deg(r)) for all jeZ + ,ieP + ,reZ f . 

Given (/i, s), (A, r), we say that (p., s) covers (A, r) if s - r e Z+ \ {0} and - ^ is a weight of the g-module 
o[s - r\. Further, consider the partial order obtained by the transitive and reflexive closure of the relation 
(A, r) -< (ji, s) if (ji, s) covers (A, r). Similarly one defines a partial order ^ on 

For £ = 1, the next proposition was proved in |@,@] and all the statements can be proved in the same manner 
for arbitrary t (all details can be found in 

Proposition 1.6. Let A e P + , r, s e Z f , and V e§. 

(a) £?(V) is a projective object of Q and canonically surjects onto V. 

(b) P(A, r) is isomorphic to the a-module generated by a vector v of degree r satisfying the following denning 
relations 

n + v = 0, hv = A(h)v, (*~ ) w+1 v = V h e fj, i e /. 

(c) Let £(,1, r) be the kernel of the projection P(A, r) -> r). Then, [*T(A, r) : V%u, s)] * only if 
Hom B (o[s - r] ® V(A), v(/i)) £ 0. In particular, (ji, s) covers (A, r). 

(d) [V : V(A, r)] = dim Hom g (P(A, r), V) and Hom^fPf/l, r), V) s Hom„(V0*), V[r]). 

(e) For j > 0, [P/A, r) : s)] * only if (A, r) < 0", s). 

(f) If &(V) = V[r] for some r e Z, then ^"(V) is the projective cover of V in In particular, P(A, r) is the 
projective cover of V(A, r). □ 

In what follows we use that we have an isomorphism of g-modules 

^(V) = S (o+) ® V for all Fefc 

We also fix (A, r) e A. Let do : P(/l, r) — > r) be given by cfo(M ® v) = uv for all w € a + , v € V(A, r) and, for 
j > 0, let dj : Pj(A, r) — > P 7 _i(/l, r) be the a-module map determined by 

rfy = D 7 ® Idv W)r) , 

where D = (Dj) ;> o is the Koszul differential on the Chevalley-Eilenberg complex for o + . 
Proposition 1.7. The sequence 

>P 2 (A, r) Pi (A, r) P(A, r) V(A, r) -> 

is a projective resolution of r) in Q\, and its image in D under ^ is a projective resolution of deg(r)). 

Proof. Since ^ is the identity when regarded as an endo-functor on the category of vector spaces, it suffices to 
prove one of the two statements. The second statement was proved in |0, Proposition 2.7(h)]. □ 
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1.6. Restricting the class of simple modules 

Next we study certain full subcategories of Q obtained by choosing the simple objects which belong to it. 
This will eventually allow us to define a certain generalization of Kirillov-Reshetikhin modules (see Section 
12.31) . Thus, given any subset Y of A, let be the full subcategory of Q consisting of objects V such that 

\V:V(A,r)]*0 => (A,r)eT. 

Quite clearly, Q = @[A] and the isomorphism classes of simple objects in are indexed by the elements of 
T. In particular, if T is finite, then Q\V\ C T(a). 

For V € Q and T c A, define 

V+ = {v € V[rh : (A, r) e T, n + v - 0}, V r = I/(fl)Vr , and V T = V/ V A \r- 

It is easy to see that Vr and V T are g-modules which can be naturally regarded as objects in the category "V f . 
Moreover, 

Hom g (V r W, V(A)) ± only if (A, r) e T 

and similarly for V T . Also, note that if / € Hom^( V, W), then /(Vjt) c Wp and, hence, the restriction /r of / to 
Vr is an element of Hom g (Vr, Wp). Moreover, since /(VA\r) c W A \r, we have a homomorphism of g-modules 
f v : V r — > W r . In general, it is not true that either Vr or V T are a-modules, but we shall see that this is true 
under certain conditions (see Lemma [L9l below). In that case, fr and f Y are clearly morphisms in @[T]. 

The next proposition is a more general version of parts of (a, Proposition 3.4]. 
Proposition 1.8. Let V e Q be such that V r e Q\Y]. 

(a) For all (v, t) e T, [V r : V(v, t)] - [V : V(v, t)]. 

(b) If V is projective in Q, then V T is projective in Q[T]. 

(c) If W e ^[T], then Hom^(V, W) = Homg [r] (V r , W). 

Proof. For (|a]), given s e if, consider the short exact sequence of graded g-modules 

-» 7 A \r[ff] -» V[s] -» V r [s] -» 0. 
Since each finite-dimensional g-module is semisimple, we have 

dimHom 8 (H"), V[s]) - dimHom B (V0u), V r [s]) + dim Hom g ( V(^), V A \r[s]). 

Since, by definition of V A \r» we also have Hom g (V(//), V A \r[s]) = for all (ju, s) € T, part (a) follows. 

For proving ©, let U, W e and consider a homomoiphism g : V r —> U and an epimoiphism h : 
W — > U. Since V is projective, there exists a homomorphism / : V — > W in £r such that ft/ = gzry, where 
7Ty : V — > V r is the canonical projection. Furthermore, since e £r[T], we have /(V A \r) = which implies 
that there exists a unique homomorphism / : V T — > W in ^[r] such that fny = f. Therefore, hfny = hf = gny 
and the surjectivity of ny implies that hf = g as desired. 

Finally, given / € Hom^V, W), by hypothesis on W we have /(V A \r) = and, hence, there exists a unique 
homomorphism \fjf : V v — > W in @[T] such that ipfny = f. Now, it is routine to show that 

tfr : Homg(V, W) -» Hom£(r)(V r , W) given by f \-> if/f 

defines a linear isomorphism. □ 
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A subset T of A is said to be convex with respect to =$! if 

(A, r) 4 (v, p) 4(p,s) and (A,r),(p,s) e T ==> (v, p) e Y. 

We note that a convex set was called "an interval closed set" in |@]. For I = 1, the next two results were proved 
in 0, Propositions 3.2 - 3.4] and the proofs for arbitrary t are analogous (all details can be found in |0]). 

Lemma 1.9. Let T c A and V <E@. 

(a) Given (A, r), (//, s) e A, Extg(V(/l, r), V(/i, s)) + only if (p, s) covers (i, r). 

(b) If VV is not an a-submodule of V, then there exist (p., s) e A(V) \ T and (A, r) € A(V) n T such that (//, s) 
covers (A, r). 

(c) Suppose that T is finite and convex with respect to 

(i) Assume that for any (A,r) e A(V) \ T there exists (p,s) e T with (A,r) 4 (ju,s). Then, V Y e £r[T]. 
Furthermore if U is an a-submodule of V, then £/ r , (V/I/) r e g[F] and (V/I/) r = ViV^r- 

(ii) Assume that for any (A,r) e A(V) \ T there exists Qi,s) eT with (ju,s) 4 (A,r). Then, V T e Q\T\. 
Furthermore, if U is an a-submodule of V, then U r , (VI Uf £ Q[T] and (V/U) T s V r /£/ r . □ 

Proposition 1.10. Suppose T c A is finite and convex and let (/I, r), s) e T. 

(a) Pj(A, rf e Q[Y] for all jeZ+. 

(b) rf is the projective cover of V(A, r) in £r[T]. 

(c) [P(A,r) : V0u,s)] - [P(A,rf : V(/i,s)] - dim Hom^nu,^ />(-*, r) r ). 

(d) UomgiPQi, s), P(A, r)) = Hom£ [r] (P(//, s) r , r) r ). 

(e) The induced sequence 

r d 2 r d i r < 
>P 2 (A, rf — > P X (A, rf — > P(A, rf -A V(A, r) -> 

is a finite projective resolution of r) in ^[T]. □ 



2. A Generalization of Restricted KR modules 

The main goal of this section is to compute the graded character of the modules P(A, rf under certain 
conditions on a and T. To achieve this, we compute the space of extensions between any two simple objects 
in Q. Finally, we give a presentation of P(A, rf in terms of generators and relations which allows us to regard 



these modules as generalizations of restricted Kirillov-Reshetikhin modules (in the sense of UJj, 112Q). 



2.1. Extensions 

For the next few subsections we assume a[r] = if deg(r) > 1 and set Vj = a[e j] for j = Y, and 

V = Vj. Notice that a = g tx V. In this case, the statements of Propositions [T31 and 11.41 simplify and we get 

7=1 

U(a+)[r] = Sym' 1 V\ ® • • • ® Sym rf V> (2. 1) 



8 



and 



fA j u , \A n Vi®---® A r <V r , if deg(r) = j, 

(A 7 a+)[r] = g \ . (2.2) 

0, otherwise. 



For i = 1, the next theorem was proved in B9J, Propositions 6.1 and 6.2] and the proof for arbitrary C is 
analogous (all the details can be found in 

Theorem 2.1. Let {A, r), (jx, s) e A, r - deg(r), s = deg(s), and j > 0. Then, 

p J i , \t( « ~ /Hom ((A -A® V(A), VQjl)), if j = s - r, 
* 10, otherwise. 

Moreover, if T is finite and convex and (A, r), (//, s) € T, then 

Ext^ [r] (V(i, r), VQi, *)) = Ext^(V(A, r), V(ju, *)). 

□ 

Remark 2.2. For the proof of the last statement of the above theorem in the case £ - 1 0, Proposition 4.2], the 
authors of |0] refer to the proof of 0, Proposition 3.3] in order to show that the canonical map 

Komg(Pj{A, r), VQi, s)) -» Hom &m (P j(A, rf, VQi, *)) 

is an isomorphism for all j e Z+. This clearly follows from Proposition LL8]|c]). It is worth remarking that the 
last statement of Theorem 12.11 (and its proof) remains valid without the assumption o[r] = if deg(r) > 1. For 



partial information on the first statement of Theorem 12. 1 1 (with t = 1) without this assumption, see 11411 . 



2.2. A character formula 

From now on we assume that wt(V) + {0}. We also fix a subset *P c wt(V) satisfying 

'Y_ k m vV = ^ (m v , Hp eZ+) => ^ m v < ^ n M 
veT //ewt(V) veT pewt(V) 

and (2.3) 
^ m v = ^ only if « p = for all /i & W. 

ye"F ,uewt(V) 



Remark 2.3. It is proved in 112 lH that such subsets are precisely those lying on a proper face of the convex 
poly tope determined by wt(V). A generalized version of this condition was considered in H 1-411 for studying 
algebras o with nonzero graded parts at any degree (with ( = 1). 

Consider the reflexive and transitive binary relation on P given by 

li < T A if A - n e Z+ V F, 
where Z+'F is the Z + -span of x ¥. Set also 

c?vp(/i, A) = min < \^ m v : A- = ^ m y v, m v e Z + V v e *P I . 

By @, Proposition 5.2], <>p is in fact a partial order on P and 

(i>p(v,ju) + c?vp(jU, /I) = dy{v, A) whenever v <<p [i <>p /I. 
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Moreover, it induces a refinement of the partial order on A by setting 

(A, r) (/z, s) if A <xf /i, s-re Z+, and dy(A,fi) - deg(s - r). 

The next proposition was proved in Jil Lemma 5.5] for i = 1 and the proof extends naturally to the present 
context (as usual, the details can be found in 

Proposition 2.4. Let r c Abe finite and convex with respect to ^ and assume that there exists (A, r) e A 
such that (A, r) ^ (jx, s) for all (ju, s) e T. Then: 

(a) Uom g[r] (P(fi, sf, P(y, t) T ) * only if (/j, s) ^ (v, t). 

(b) Ext J Q[T] (V(jj, s), V(v, t)) t only if (v, t) ^ T 0", s) and j = dgfa/i). □ 

Henceforth, assume that V c A is finite and convex with respect to =4y. Also, fix an enumeration of T 
compatible with 

Given r e Z c , set (-0' := Oj=i C— f/)*"-' = (-l) deg( 'V € Z[[ff \ . . . , f* 1 ]]. Consider the matrices 

A(t) = ([P(A,r):V(n,s)] Ofw^ 
and 

£(0 = (dimExtf ^(J, r), Vfc, ,)) - 

If s-r g Z+, then the entry ({p., s), (/I, r)) of both matrices vanish and, hence, both matrices are lower triangular. 
The proof of the next lemma is analogous to that contained in the proof of [9, Theorem 5.6] (extra details already 
in the present context can be found in |0]). 

Lemma 2.5. The above defined matrices satisfy A(t)E{-t) = Id. □ 

Using (12.21 ) in place of its i = 1 version, one proves the next theorem in the same manner that it was proved 
in iS, Theorem 2]. 

Theorem 2.6. For all A e P + such that (A, n) e T we have 

ch(VU)) (-f) B = £ (-l) deg(r) c^' gch P(^,r) r , 



where 



c# = dimExt^V^, n), Vty, r)) - dimHom (( (g) A'"'-"' V,-) ® V(i), V(/i)), 

i = 1 



r - {n,--- n = (ni,--- ,n e ) and j = degr- degn. □ 

Remark 2.7. In Theorem 2] the above theorem is stated to be true for all A e P + instead of for all (A, n) e A. 
It is easy to see that the present hypothesis is used in the proof and, in fact, needed. The character formula given 
by this theorem is of recursive nature (see Example l2.15l below). 

2.3. Generator and relations 

In addition to (12.31 ) we now suppose that *F also satisfies 

¥n/ )+ -0, (wt(V) + Z+T) n P + is finite, and ^ + a i ^ x ¥ for all f e wt(V) n P + , i e I. (2.4) 
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Example 2.8. Let V be the adjoint representation of q and, hence, wt(V) = RU {0}. Given /u e P + \ {0}, consider 

W(p) = {aeR\(a,n) = min^/i)} c -R + 

It was shown in 0, Lemma 2.3] that satisfy (12.31 ) and it clearly satisfies (12.41 ) since it is contained in -R + . 
The relevance of the subsets of type will be explained below (see also [81, Section 3.6]). o 

Given A e P + ,r e Z c + ,r e Z+, define 

IW,r) - (Ou,s) € A : (A,r) ^ Q*,s)}. 
Henceforth we fix (A, r) e A and set T = Ty(A, r). 
Lemma 2.9. Let (ju, s) e T. 

(a) If Ou, s') e T, then deg(s') = deg(s). 

(b) The set T is finite and convex with respect to In particular, P(ji, s) r is a finite-dimensional object of 

(c) If (v, s') e T is such that (ju, s) 4y (v, «'), then (v, s' - s) e Ty(ju, 0). 

Proof. Part (a) is a consequence of condition (12.31 ) (cf. |§, Proposition 2.2(i)]). It is clear from the construction 
of T that it is convex. Since (A, r) ^ (v, t) implies v e A + Z + *F, the second condition in (12.41 ) together with 
part (a) implies that the set {(v, deg(£)) : (v, t) e T} is finite. On the other hand, (A, r) =^ip (v, t) also implies that 
t - r e 7j ( + and, hence, T is finite. The second statement in part (b) then follows from Proposition 11.91 Part (c) 
is proved as in the I = 1 case Proposition 2.2(iii)]. □ 

We now prove the following generalization of Theorem 1]. 

Theorem 2.10. For all (jj., s) e T, the module PQi,s) T is isomorphic to the a-module M(ji,s) generated by an 
element w of degree s satisfying the defining relations 

n + w - 0, hw = n{h)w, (x~.f (h ' )+l w = 0, for all h e h, i e I, 
xw = for all x € Vg, t; € wt(V) \ ¥. 

Proof. Let v be a generator of P(ji, s) as in Proposition LL6J|b]) and keep denoting by v its image in PQi, s) r which 
is nonzero since (ju, s) e T. We begin by showing that v satisfies the above relations for w. It evidently satisfies 
those in the first line. Suppose there exists £ e wt(V) \ *P and x e such that iv ^ and choose £ maximal 
(with respect to the usual partial order on P) with this property. The first condition in (12.41) and the maximality 
of £ imply that <f e P + . The third condition in (12.41 ) implies that n + xv = 0. Indeed, given i e I, we have 
x* xv = [x* ., x]v e +<*,.. Now, since £ + a,- £ the maximality of £ implies [jc*.,jc]v = as claimed. It follows 
that, /i+t; e P + and, since P(jU, s) r € Q\T\, we conclude that that (/i+£, s+e;) e T and (/i, s) <>p (//+£, s+e,)- By 
the previous lemma, we then have (// + c,-) € IV(//, 0) which implies (/i, 0) =^ (yu + e,). Thus, by definition 
of ^vy, we have £ e Z + *P and £ - Xv m vV, where y € V P, m v € Z + and XyWiv = deg(e,) - 1. Hence, ^ € V P, 
yielding the desired contradiction. 

It is clear from the definition of M(ji, s) that it is in Q. Moreover, by the previous paragraph, we have a short 
exact sequence — > K — > M{±i, s) — > P(/i, s) r — > 0. Since P(/u, s) r is projective in @[T] and M(ju, s) is clearly 
indecomposable, it suffices to show that this is a sequence in Q\T\, i.e., that M(ju, s) e Q\T\. It is also clear from 
the definition of M{ji, s) that VQi, s) is its unique irreducible quotient. Since t s M(jj, 0) is obviously isomorphic 
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to M(jj.,s), the last part of the previous lemma implies that it suffices to show that M(pi,0) e Q[ry(pi,0)]. So, 
for the remainder of the proof, assume that T = T(jx, 0) and, to shorten notation, write M = M(ji, 0). Thus, we 
want to show that 

[At : V(y, k)] + only if Qi, 0) 4w (v, *). (2.5) 

Choose a basis of a consisting of a Chevalley basis for q and bases for the weight spaces of Vj, j = 1, . . . , I. 
Set UQ¥) to be the set of PBW monomials (in some order) formed by basis elements from V v . A standard 

application of the PBW theorem implies that 

M = U(n~)U(W)w. 

This together with Lemma [TTT1 clearly implies (12.5I ). □ 
Corollary 2.11. 

(a) Let (p, s), (v, s') e T such that (ju,s) 4v (v,s'). Then, gchP(v,s') r = gch P(v, s' - s) r ^- 0) t s . 

(b) For all A e P + such that (A, 0) e T we have ch(VU)) = £ (-l) de s( r ) c „ l '° gch P(ji, O) 1 * ^ 0) . 

(p,r)eT 

Proof. Pait (a) is an immediate consequence of Theorem l2. lOl and Lemma |2T9l c). Pait (b) follows from (a) and 
Theorem 12.61 □ 

2.4. Multigraded Kirillov-Reshetikhin Modules 

Theorem 12.101 allows us to regard the modules P(A, r) r as generalizations of the graded classical limits 
of Kirillov-Reshetikhin modules. Indeed, consider the particular case that ( = 1 and V = a + is the adjoint 
representation of g. For g of classical ty pe, A = mui for some i e I,m e Z + , and *P = ^(jj.) = ^(o*,) or 



*P = (depending on i), it was shown in Mill. 11211 that the classical limit of the Kirillov-Reshetikhin modules 
can be described in terms of generator and relations which are "exactly" those given in the Theorem 12.101 
Because of this we say that P(A, r) r can be regarded as generalizations of the classical limits of Kirillov- 
Reshetikhin modules. However, the original graded Kirilov-Reshetikhin modules are modules for the algebra 
a = g ® C[i] which does not satisfy the hypothesis a[r] = for r > 1 and this is why we have quotation marks 
on the word "exactly" above. In the next theorem, we show that, if a = q ® A with q of classical type and 
A = C[t\, • • • ,t(\, then the a-module defined by such relations factors to a module for a certain quotient b of o 
and, as a b-module, it is isomorphic to P\,{A, r) Y where P^{A, r) r denotes the b-module constructed similarly to 
the o-module P(A, r) r . 

Notice that with the present hypothesis on a, we have 

wt(o+) - wt(g) = R U {0}. 

We shall need the following lemma (see 0, Section 1] for details) where the hypothesis that g is of classical 
type is crucial. 

Lemma 2.12. Let ft = J] ieI mpjai e R + (mpj e Z+). 

(a) If rtipj = 2 for some j e I, then there exist /3i,/?2 £ R + such that (3 = Pi + @2 and mp u j = mp 2 j = 1. 

(b) If p is not simple and mpj = 1 for some j e I, then there exist fio,fii £ R + such that fi = fio + fi\ and 
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For i € I, set 



1*; = I -a : a = ^ m j a j e = 2 > 



It follows that either = or = *P(£l),). Assume that |/| = n and that / is labeled by the set {1, . . . , n} in the 
usual way. Then, given A e P + , set 

i\ = max{ 1, i : AQii) + 0, i is not a spin node} and ^ = . 

Also, for r e Z , let iV(/l, r) be the a-module generated by a vector v of grade r satisfying the denning relations 

n + v = 0, hv = A(h)v, {x~^ )+1 v = 0, for all hetjjel, 

and (2.6) 
xv = for all * e (o+) f , £ e wt(a+) \ W^. 

Given m > 0, set 

A >n= A W and a m = a®A,„. 

relf + . 
deg(r)>m 

Theorem 2.13. Let le^re^J- Y^, T = T^i, r), and b - a/a 2 . 

(a) a 2 r) - 0. In particular, N(A, r) factors to a b-module. 

(b) N(A, r) is isomorphic to Pb(A, r) r . 

(c) If A = mcoj for some m e e /, then N(A, r) is isomorphic to the a-module generated by a vector v of 
grade r satisfying the defining relations 

n + v = 0, hv = A(h)v, {x~ aj ) A(h i )+l v = 0, for all /z e h, j e /, 
((n + © h) ® Ai)v = and (x~ ® a)v = 0, for all a e A[l]. 

Proof. In order to prove part (a), we shall prove by induction on ht rj that 

O* <8> a) AT(/l, r^-, = for all a e R + and a e A 2 (2.7) 

and 

(/z <g> 6) N(A, r) x - n = for all h e rj and b e A 2 . (2.8) 

It clearly suffices to prove (12.71 ) and (12.81) assuming that t? and b are monomials. 

Assume ht r\ = 0. If a e R + \ -^a, (12.71 ) follows immediately from the second line in (12.6b - Similarly, since 
e wt(o + ) \ ^P^, we also have (h ® Ai) v = 0. Finally, suppose a e —V^ and write a = cd with c, J e A|. By 
Lemma l2~T2lal) . there exist /?i ,/3 2 £ R + \ -^a such that a = /?i + /3 2 . Hence, ® a v = [x^ ® c, x| 2 ® v = 0. 
This proves that induction begins. 

Let v' = (x~ ®c?i) • • • (x~ s ®a s ) v e N{A,r) A - 11 with rj ± 0, cij e A \ {0} andyy € R + for 7 € {1, • • • , s}. Then, 
for all x e a 2 we have 

x v' = O, x~ ® ai](Xy 2 ® a 2 ) • • • (x~ s ® a,) v + (x~ ® a\)x(x~ 2 ® a 2 ) • • • (x~ ® a,,) v. 

The second summand vanishes by induction hypothesis. Similarly, since [x, x~ <8> a\\ e a 2 , the first summand 
vanishes and part (a) is proved. 



13 



For proving (b), let N b (A, r) be the b-module generated by a vector satisfying the denning relations (12.61 ) 
(with elements from a replaced by their images in b). Since b[s] = whenever deg(s) > 2, it follows from 
Theorem l2. lOl that N b (A, r) = P b (A, r) r . Moreover, it follows from part (a) that N(A, r) is a quotient of N b (A, r). 
For the converse, let I be the two-sided ideal of U(a) generated by ci2. Then, U(b) = U(a)/I. Let also N a be 
the left ideal of U (a) corresponding to the denning relations (12.61 ) and define N b similarly. Notice that I c M a 
and that N b = NJI. It follows that we have isomorphisms of vector spaces 

N(A,r) = U(a)/N a = (U(a)/I)W a /I) = U(b)/N b = N b (A,r) = P b (A,rf. 



Finally, we prove part (c). Let N(A, r)' be the module denned by the relations in part (c). Comparing these 
relations with those in (12.61 ) it is immediate that N(A, r) is a quotient of N(A, r)' . Conversely, to see that N(A, r)' 
is a quotient of N(A, r), we have to prove that xv - for all x e {a\)%, % e wt(ai) \ *P,i. Evidently, it suffices to 
prove that 

x a ®av = for all a e R + \ - X ¥ A and a e A { . (2.9) 

As before, it suffices to prove (12.91 ) with a being a monomial. Notice also that, for all a e R + and monomial 
b e A[n], we have: 

(fj ® A+) v = and (x~ ® b) v = => (x~ ® v = for all b' e A„, with m > n. (2.10) 

Now we prove (12.9b - Let a = 2j m aj&j £ R + \ -^a- Since /I = mw,, x~. v = for all j + i and one easily 
deduces by induction on ht a that x~v - whenever m a j = 0. Using (12.101) we then get (12.91) for all such a. 
If m a j = 1, we proceed by induction on ht a as well. If ht a = 1, then a = a\ and we are done by definition 
of N(A, r)' together with (12. 10b . Let a e R + \ - X ¥ A with ht a > 1. Then, by Lemma IXTHIbl , there exists a 
decomposition a = fio + Pi where fio,Pi £ R + with mp Q j = and ntp u i = 1. In particular, x~~^ .v = 0. Since 
ht fi\ < ht a, the induction hypothesis implies that (xZ • ® a)v - and, hence 

(x~ ® a)v = [xp gJ , x fSi J ®a]v = 0. 

Since, by definition of ^i, we have m a j < 1 for all a € R + \ this completes the proof. □ 

Remark 2.14. Theorem 12.131 remains valid when q is of exceptional type with restrictions on the support of 
A once the appropriate definition of is give n. For instance, for g of type E(,, the result holds as long as 



A(hj ) - where iq is the trivalent node (cf. 126J]). 



In the case A = Cff], the graded chai - acters of the modules N(A, 0) with A = mu)i for some i e I,m e Z+, 
were studied in [TTJ] where it was proved that they coincide with certain graded characters for Kirillov- 



Reshetikhin modules conjectured in II19I1 (where the grading comes from quantum considerations instead). If g 



is of exceptional type, one can take the module defined in part (c) of Theorem 12. 131 as definition of N(mu>i, r). 
However, parts (a) and (b) do not hold for all i e /. For g of type G2 and A = C[t], the graded character of 



N(ma>i,0) was studied in I12I1 . For more general A, it was conjectured in [25] (see also 1101) that the module 
N(A, 0) is isomorphic to the graded classical limits of the associated minimal affinizations of quant um grou ps. 



01 qu 

m, 



Some particular cases of this conjecture were proved in |8|, |25|, |26|]. The method used in lllll.ll2l.l25L 12611 to 
study the graded characters of N(A, 0) becomes unmanageable as either A or t grow. However, the formula 
in Corollary 12. 1 1 t Tbb can be used for computing gch./V(/l,0) in a recursive manner as long as we are under the 
hypotheses of Theorem 12. 131 We now give an example of this procedure. 

Example 2.15. Let g be of type D n and A = C[?i ,...,tg]. If either i - 1 or a spin node, then = and one 
easily sees that Fy^mcoi, 0) = ((raw,, 0)} and, hence, 

N(ma)i,0) = V(moji,0). 
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If i = 2, then 

r^ 2 (ma>2, 0) - {((m - r)a> 2 , r) : < r < m, r e Z+, deg(r) = r}. 
Using Corollary 12. 1 ltlbl) . we get 

gch N(ma> 2 , 0) = V ch V((m - deg(r))w 2 ) ? . 

reZ{, 
deg(r)<m 

We will omit the details. Notice that isotypical summands of N(ma>i, 0) when regarded as a g-module do not 
depend on t in the examples above. More precisely, given a finite-dimensional g-module V, denote by cyip) 
the multiplicity of V(ju) as a simple summand of V. Setting V = N(A,0) and C{(A,jj) = cy(p), we have seen 
that, if A = ma>i for i as above, then 

ctiA.fi) *0 o ci(A,n)*0. (2.11) 
We now show that this is not true for all i e I. Thus, let i = 3. It was shown in |0] that, for i = 1, we have 



gchA^(mo>3, 0) = ^ ch V{(m - r)w 3 + roj\) f . 



(2.12) 



r=0 

We will show that for t > 1 we have 

f 

gch A^, 0) = ch(V(2w 3 )) + J] ch(V(aj 3 + Wl )) ^ + £ ch(V(w 2 )) fjfc 

7=1 l</<fc<tf 

+ ^ ch(y(2 Wl ))^+ J] ch(V(0))^. 

reZ c + \<i<j<k<e 
deg(r)=2 

Notice that ch(V(cu 2 )) appears in (12.121) iff I > 2 while ch(V(w )) appears iff I > 3. 
In order to prove (12.121) . begin observing that 

rV 3 (2w 3 ,0) - {(26*, 0), (0) 3 + io u r), {co 2 ,r'), (2 Wl ,r'), (0,r") : deg(r) - l,deg(r') = 2,deg(r") - 3}. 

Setting T = Tvj/j (2^3,0), Theorem [231 implies that 

l 

ch(V(2^ 3 )) =c 2 Z 3 3 'l gch/\2^ 3 ,0) r ~J]c^ ue . gchP(^ 3 + + ^ eg*' gch/\^ 2 ,r) r + 

7=1 reZ e + 

deg(r)=2 



+ J] gchP(2 Wl ,r) r - £ c^ 3 ' gchP(0,r) r 



deg(r)=2 deg(r)=3 



A straightforward computation using the formulas for decompositions of tensor products of finite-dimensional 
g-modules shows that 



2(^3,0 _ 2w 3 ,0 _ 2^3,0 _ 2w 3 ,0 _ „2w 3 ,0 _ „2w 3 ,0 _ 



- <ZZ i+ e k = cl7 = 1. J *k, r e Z r + , deg(r) = 3 



and c^J,. =0 for all j = !,...,£ 
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Hence, 

t 

gchAr(2w 3 ,0) = ch(V(2w 3 )) + 2gch/^3 + wi,e/ - ^ gchP(w 2 ,r) r 

7=1 reZ{ 

deg(r)=2 

- gchP(2ajuej + e k ) r + J] gchP(0,r) r . 

deg(r)=3 

By Corollary 12.1 lltaj ) and Theorem l2.13f b) we have 

gch P(co 3 + oj\ , ejf = gch N(a>3 + d\, 0) fy, gch P(o> 2 , r) r - gch N(co 2 , 0) f r , 

gch P(2wi , + e k ) T = gch /V(2a>i , 0) tjt k and gch P(0, r) r = gch 7V(0, 0) f . 

Using Theorem 12. 61 for computing each of these terms as before and so on, one eventually obtains (12.12b . We 
omit the details. o 

Remark 2.16. It is interesting to remark that the graded local Weyl modules do satisfy (12.1 II) for all A,/u, I with 
the graded local Weyl module in place of N(A, 0) in the definition of cc(A,/u) (see 
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